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[ Jumping Phenomena ]
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π : C → Pl ; 2 - sheeted branched cover , 8 (C) 20

If x (2 ) = 0 Lue, deg (L ) = 8 - ytyRieman _ Ro_hl
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.
R

.

lee l . = Llc .L ) = LClp!π .L ) . thisamplies
πoL 最 Ol- i) s . t -e- ) .

( H (P,π ,L ) = H ( lP,Ole.) ) = ce )
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Jumping Phenomenou .



(non- Hans dortf }

Jumping Phenomena canse non - sepatated stmoture

of the modul: space .

It we want a moduli space of vector bndles

havint anreasonabletoplogy , we cannoe cousider

all bundles at thesave time
.

( restr?ct to
" stable

"

bundles )

bef
ー

E : vector badle on I

the Sloper UCE) is defived hy
ー1 µ U

(

E) に

rank (a,

eg (E」

A bndle E is celled stable (resp . semi . stable)

if for every subbandle OEFEE .

µ (E) < µCE) iesp . µLF) ≤ µ(E) )

Thw ( Mum Cord , {eshadri )

There exist coarse moduli spaces of vector bdls

over Ʃ

UICrid ) CUs
'

(rids

such that



() Us Crid ) is smooth and its poines

patumetrize isomorphiclasses of Stable bundles

of ronk r degheed over Ʃ

It is an open subdet of ''crid 2.

(2)
U'sLrid)isprojective anditsponts

parametrize equivalence cassesof demi - sabler

vector bondles
. ( EI ～ E と Eδ rE、 を grEと )

Rem ( Moduli Problem / Modnls tunceor)

lee us consider a Canctor

UL- ) : scbor → Det
儿

* ucss

Sut
.
lµCs ) = {equio .clesses ofamilies clessiked bys }
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Ocb : Category of schemes )∞et : category of Sets
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A fine modilsspacetor Ut ) is

a pair l, Is which represents i-]

vevy

I : Ut- ) s Hom (-, M)

A coarse modri space tor UC- ) is

oaschemeh tosether with a nathral transtormation

I : Ul- ) → HomL- . u)

S
.t

.

( 1 ) Q (omesisbijeceive .

I ) I has a universerl properey

lve . ,
Q

U (- )s tHom (- ,a )
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Hom (, N )

ReCormation theory tells us the nexelemina
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Eor 822 . ws = Uss ( rd ). e に sCrid )

C) dim U
=

Itreta - i ) , Usis a denseopen sub
.

(2) stable bundles caresimplr

vevy ピ (Ʃ 、
Eいd (た ) ) : C

(3 ) seable bundles are non-singulorpoines of iU
.

[4) TCE] U
≡

H ( Ʃ, Eud (E) )

TEU ≤ H ( Ʃ, End (o め ?i )

Tholomomphiccl -Corm

$ 2 Hitchin System andSpeceralCarves
Alsebro Geometric version of Arvold - Liouvicle Intesmble systems )
Ref ( ACIHS )
An lgebraically completely integrable Hemileonion

System consises ofa proper) fet morphism

H : TS B

where ( M,
4
)is a smoothpoissonalsebriic variety

B is a smooth Varietf
sot

, over Blo of some DCBproper closed sub
.

H is a Legrangian fibration whose

fiberes ane isomorphic to abelion varieties
～

≈ complex tor:



( Hitchiu) Part of (? )

v

TUIsupports c natural ACIHS

we cell ie Hitchin ( intesable) system .

The totolspace ofrs perametrizes pairs
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C) E isa stablevec.bdl.Ia, rkar , te
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,
EEdLE ] *RI )

ie , I - form valued endomomphisms of E

φ : E I E * RƩ
.

(Ʃ - lineer )

Such o peiris calledHiggsbundle and 4 ; Higgs field .

the Hemiltonian mop oftheHitchinystem is

the characteristle polynomial map

H : TPUƩ Crid ) →Bu :思H)
W 儿

[E, φ ) 」F i - ICbi . , br 」 }

r- i

(F (y) = char (φ)(z) = yr - trasy"
t
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The inverse image C of the zero dection onI

comnesponds to f is called a speotraul crrve .
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Prop (BNR orrespordence)
It C is an irredncible ad rednced Lintesral )

1 spectral curve
,

there is a bijection betuseen

{ ( E,
φ )withspectral curve c } /.

⑨ { L ; rak I torsion tree sheaf } /≡
over C

L comesp . to eigen vectors of φ(
C E C comesp .

to eisen values of φ ]
H : T

“
Uょ s Bw
U U

ド (R ) s {にア

der ( 1- 8a } + 8c - 1

H(F )
ron
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To set whole Pe"(c)
,
we need to relay the

seabiliey condition of E (E .s ) .



Rofl

A pain (E, 4 ) is Stable (resp. dem'i -sable)
if Cor every φ- nvariantsubbundle of E

vey O 4 F Est. φ(F) C FBRI

µ (F) < µ CE } ( resp. MCE) ≤ µ (E) ) 。

Thm

There extsts a Coarse modnlk spece Higgsa (rid )
parametrizingequlu. classes of cemi stable Higgs budles

H : Higg 'z (rid )→ Bw

is a properalgebalc morphism . (ACIHS)

( げ ( に ) = Piccc ))



$ 3 Non Abelow Hodge Theory
A deep reason for working with the above dof

.

of stability cs provided ty the tollowing theorems .

Thm ( NAH
,
Simpson )

there is a cenonical real anelytedifleommphism

( sewi- simole)

(π 、 (Ʃ) 。 GLr (ε)YLaia
.

Higgsェ ( r, o ) 最 thom

↑

AvB faQGGLr (4) s.t .B :QAR!

Since dimƩ= し

)Thm ( Riemann - Hilbert Corespondence saeautomtically fet
d

Conna (r ) : modili spece of flat Connections (E,P)に
R : E → E *RƩ St. Di5s) = df* st 5ps

Theer thereexistsoa complex analytically isomomphism

Conne (r ) ≤ Homiss' (π、 (Ʃ) , GLr (a) )/～
①

Ψ

E。 -
LE ×εK、Lは ) β

(which odmits natwral flet conn .)



We have threemodul" spaces :

⑲ Betti moduli space Hom'
s.s'

(a 、 (a) , GLrlc) )/h

1 ⑲ de Rham modulk space Conns (r )

Dolbeaulemotnl! spece Higgsa ( ro)

Thereateother correspendences betwear them

( Kobayeshi - Hitchin
,
d - connections

,
Harmonic bundles,

i

. )

Why
"

Non Abelion Hodge
"

?? Cby sampson )

Hodse theory tells us that for compaceKnler ×

Har
"

(X, 4 ) ≡ :。 H、 (×)

( H品 (× ) ÷ H
( ×,

R
,' ) )

for n= 1
, H' LX, ¢ ) ≡H '( X, O × )

*

H(x ,λ )

Bett: Corm
. Higgs .

Since

Hと4 , ¢ ) ≡ Hom (H , (× , x) , ¢ ) ≡ Hom (π 、 (x), ε )

replace ¢ } GLnL4 ) (non - abelian 8p)
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, vee .
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